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Abstract 

We present a systematic study of asymptotic behavior of (generalised) £— func- 
tions and heat kernels used in noncommutative geometry and clarify their con- 
nections with Dixmier traces. We strengthen and complete a number of results 
from the recent literature and answer (in the affirmative) the question raised by 
M. Benameur and T. Fack 
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1. Introduction 

The interplay between Dixmier traces, (—functions and heat kernel formulae 
is a cornerstone of noncommutative geometry Q. These formulae are widely 
used in physical applications. To define these objects, let us fix a Hilbert space 
H and let B{H) be the algebra of all bounded operators on H with its standard 
trace Tr. Let A and B be positive operators from B(H). Consider the following 
[0, oo]-valued functions 

t -> -j-Tr(A 1+1 /*), * -> -TriA^^B)) (1) 

and, for fixed < q < oo 

t jTr(exp(-(tA)-«)), t -> jTv(exp(-(tA)-«)B). (2) 

When these functions are finitely valued, they are frequently referred to as 
(■—functions and heat kernel functions associated with the operators A and B. 
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When these functions are bounded, a particular interest is attached to their 
asymptotic behavior when t — > oo, which is usually measured with the help of 
some generalised limit 7 : Lqo(0, 00) — > K yielding the following functionals 



Cr(A) := 7 (iTr(A 1+1 / t )), CrA*) ■= l{\^{A 1+1/t B)) (3) 



and, 



^(A) := 7 (^Tr(exp(-(tA)-«))), p 7 , B (A) := 7 (^(exp(-(tA)-«))S). (4) 

A natural class of operators for which the formulae ((T|) and © are well defined 
(respectively, © and is given by the set M\ t00 (respectively, £i l00 ) of 
compact operators from B(H). More precisely, denote by /U n (T), n G N, the 
singular values of a compact operator T (the singular values are the eigenvalues 
of the operator \T\ = (T*T) 1 / 2 arranged with multiplicity in decreasing order, 
([13, §1]). Then 



(5) 



1 " 

■Mi.oc := M lt00 (H) = {T : sup V^(T)<oo}. 

„ eN log(n+ 1) 

defines a Banach ideal of compact operators. We set 

£1,00 := {T G M hoo : 3C > such that fi n (A) < C/n, n > 1}. 

It is important to observe that the subset £i l00 is not dense in .Mi i00 (see e.g. 
[18IQ. It should also be pointed out that our notation here differs from that used 
mi. 

It follows from [y, Theorem 4.5] that the functions defined in (TTJ are bounded 
if and only if A G .Mi ;00 . It also follows from and Q that the functions 
defined in ([2]) are bounded if and only if A G £1,00 ■ In fact the last result is a 
strong motivation to consider the following modification of formulae ([2]) . Let us 
consider a Cesaro operator on Loo(0, 00) given by 

W) = r4 /**(«)-, *G(0,oo). 
log(i) J 1 s 

It follows from Q and Q that the functions 

M (t -> iTr(exp(-(M)-«))), M(t -> ilV(exp(-(L4)-«))B) (6) 

are bounded if and only if A G A^i i00 . Therefore, for a given generalised limit 
oj, let us set 

w' := ui o A/ (7) 
and instead of the functions given in (j4j consider the functions 

UA) := w'(iTk(exp(-(t^)-'))), ^ >fl (A) := ^(^(expHtAJ-'JjB). 

(8) 
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The class of dilation invariant states uj' as above was introduced by A. Connes 
(see [|| ) and it is natural to refer to this class as " Connes states" . We prove in 
section [S] that if uj in (J7]) is dilation invariant, then £ w is a linear functional on 
■A4i l00 . In fact, we also show in Proposition [15] that if uj in {7} is such that ^ 
is linear on A4i tOC , then necessarily there exists a dilation invariant generalised 
limit ujq such that £ w = £ Wo . 

There is a deep reason to require that the functionals £ w and £ 7 be defined 
on Mi j00 and be linear (and thus, by implication, to consider Connes states). 
Important formulae in noncommutative geometry 0| and its semifinite coun- 
terpart d, 0, d H, 01 then connect these functionals with Dixmier traces on 
Mi.oo- Recall that in Q, J. Dixmier constructed a non-normal semifinite trace 
(a Dixmier trace) on B(H) using the weight 

^(T):=Jl^^±, k (T)\ ) T>0, (9) 

\ \ k—l ) n — i/ 

where w is a dilation invariant state on £00(0,00). 

The interplay between positive functionals Tr w , £ 7 and £ w on .Mi. 00 makes an 
important chapter in noncommutative geometry and has been treated (among 
many other papers) in [1, H, 0, H, 0, H3, H 01 ■ We now list a few most important 
known results concerning this interplay and explain our contribution to this 
topic. 

In the equality 

Tt u (AB) = (uj o log)(ir(A 1+1 /*B)) = (A), < A e M hoo (10) 

was established for every B G B(H) under very restrictive conditions on u. 
These conditions are dilation invariance for both ui and wolog and M— invariance 
of uj. In [(*], for the special case B = 1, the assumption that uj is M— invariant has 
been removed. However, the case of an arbitrary B appears to be inaccessible by 
the methods in that article. In Section 0] we prove the general result which im- 
plies, in particular, that the equality (|10j) holds without requiring M— invariance 
of ui. 

In [5[, the equality 

uj(l-T(exp(-(tA)-«)B)) = T(l + -)rUAB) (11) 
E q 



was established under the same conditions on uj and uj o log as above. In 2J| , in 
the special case B = 1 the equality (fTTj) was established under the assumption 
that uj is M— invariant. However, again the case of an arbitrary B appears to 
be inaccessible by the methods in that article. Here, we are able to treat the 
case of a general operator B. 

In [l[ a more general approach to the heat kernel formulae is suggested. It 
consists of replacing the function t — > exp(t -<? ) with an arbitrary function / 
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from the Schwartz class. The following equality was proved in [l| 



uj(-r(f{tA)B)) = f(-)ds ■ r u (AB) (12) 
1 Jo s 

for A £ £1,00 an d M— invariant to. 

In P, p. 51], M. Benameur and T. Fack have asked whether the result above 
continues to stand without the M — invariance assumption on w. In Theorem 1491 
below, we answer this question affirmatively for a much larger class of functions 
than the Schwartz class and for any A £ A4i,oo- 

Finally, it is important to emphasize the connection between our results 
with the theory of fully symmetric functionals. Recall that a linear positive 
functional ip : A^i.oo — >• C is called fully symmetric if ip(B) < <p(A) for every 
positive A, B £ M.i l00 snch that B -<-< A. The latter symbol means that 

n n 

5>fc(5) <X>*(A), VneN. 

k=l k=l 

It is obvious that every Dixmier trace Tr w is a fully symmetric functional. 
However, the fact that every fully symmetric functional coincides with a Dixmier 
trace is far from being trivial (see [19J and Theorem[T]below) . It is therefore quite 
natural to ask whether a similar result holds for the sets of all linear positive 
functionals on A4i l00 formed by the ^ and Cv respectively. To this end, we 
establish results somewhat similar to those of [19(. Firstly, in Theorem |2"21 we 
prove that if lo in ([7]) is dilation invariant, then the functional £ w extends to a 
fully symmetric functional on Mi t00 . Secondly, in Theorem I31l we show that in 
fact every normalized fully symmetric functional on A4j iOC coincides with some 
£ w , where uj is dilation invariant. Thus, in view of Mfll, we can conclude that 
the set {Tr w : tu is a dilation invariant generalised limit} coincides with the set 
{£ w : ui is a dilation invariant generalised limit} (up to a norming constant). 
At the same time, a natural question, namely, whether the equality 

^ =r(l + i)Tr w 

q 

holds for every dilation invariant generalised limit lo is answered in the negative 
in Theorem [37l 

Finally, we note that the question on the relationship between the sets {Tr w : 
uj is a dilation invariant generalised limit}, {£ 7 : 7 is a generalised limit} and 
{Cu, : w is a dilation invariant generalised limit} remains open. 

2. Definitions and notations 

The theory of singular traces on operator ideals rests on some classical anal- 
ysis which we now review for completeness. 

As usual, Loo (0,oo) is the set of all bounded Lebesgue measurable func- 
tions on the semi-axis equipped with the uniform norm || • ||. Given a function 
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x G Lqo (0,oo), one defines its decreasing rearrangement fi(x) = ^(-,x) by the 
formula (see e.g. (l7j ) 

H(t,x) = inf{s > : m({|x| > s}) < t}. 

Let be a Hilbert space and let B(H) be the algebra of all bounded opera- 
tors on H equipped with the uniform norm || • ||. Let Af C B(H) be a semi-finite 
von Neumann algebra with a fixed faithful and normal semi-finite trace r. For 
every A £ Af, the generalised singular value function (J,(A) = n(-,A) is defined 
by the formula (see e.g. 

:= inf{||,4f>|| : r(l-p) <t}. 

If, in particular, A/" = B(H), then /x(A) is a step function and, therefore, can be 
identified with the sequence {fi(n, A)} n >o of singular numbers of the operators A 
(the singular values are the eigenvalues of the operator \ A\ = (A* A) 1 / 2 arranged 
with multiplicity in decreasing order). 

Equivalently, n(A) can be defined in terms of the distribution function d A 
of A. That is, setting 

d A (s) :-r(el A l( S ,oo)), s>0, 

we obtain 

H(t, A) = inf{s : d A (s) >t}, t> 0. 

Here, e'' 4 ' denotes the spectral measure of the operator |j4|. 

The following formula follows directly from the von Neumann definition of 
trace (see the definition at pol . Definition 15.1.1]) 

/>OG 

r(f(A)) = - / f(X)dd A (\). (13) 
Jo 

Using the Jordan decomposition, every operator A G B(H) can be uniquely 
written as 

A = - + i(9f(A)+ - 

Here, := §CA + A*) (respectively, 3(A) := ±(A - A*)) for any operator 

A G B{H) and B + = Be B (0,oo) (respectively, 5_ = £e s (-oo,0)) for any 
self-adjoint operator B G B(H). Recall that JL4, 5 A G TV for every A £ Af and 
B + ,B- E Af for every self-adjoint B eAf. 

Let -0 : R+ — > R+ be an increasing concave function such that ip(t) = 0(t) 
as i — > 0. The Marcinkiewicz function space (see e.g. [13]) consists of all 
.t G Loo(0, 00) satisfying 

1 f* 

II^IIm^ := sup— — / n(s,x)ds < 00. 
t>o W) Jo 

The Marcinkiewicz operator space AA^ := AA^(Af,T) (see e.g. @, @]) consists 
of all A E ./V satisfying 

1 f* 

\\ a \\m^ ■= sup —- fi{s,A)ds < 00. 
t>o w) Jo 
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We are especially interested in Marcinkiewicz spaces M\ i00 and Mi j0o that arise 
when tjj(t) = log(l + 1), t > 0. In the literature, the ideal A4i yOQ is sometimes 
referred to as the Dixmier ideal. We recommend the recent paper of A. Pictsch, 



21], discussing the origin of A4i t0 o m mathematics. 

For s > 0, dilation operators a s : — > are defined by the formula 
(cr s x)(t) = x(t/s). Clearly, a s : M 1>00 -» M li00 (sec also [H, Theorem II.4.4]). 

Further, we need to recall the important notion of Hardy-Littlcwood ma- 
jorization. Let A,Be Af. B is said to be majorized by A and written B -<;^ A 
if and only if 

/ n{s,B)ds< / n(s,A)ds, t>0. (14) 
Jo Jo 

We have (see [Hj]) 

A + B -<-< ^(A) + /i(B) -<-< 2cr 1/2 ^(^ + B). (15) 

One of the most widely used ideals in von Neumann algebras is 

C p := C P {N, r) = {AEAf: \\A\\ p := t(\A\*> ) l '*> <oo},p> 1, 

usually called the Schatten-von Neumann ideal of p-summable operators. Using 
Hardy-Littlewood majorization, it is very easy to see (e.g. Lemma 2.1]) that 
M\ >00 C C p for all p > 1. 

A linear functional (p : A4i yOC — > C is said to be symmetric if (p(B) = ip(A) 
for every positive A,B*E Mi,oo such that fi(B) = fJ,(A). A linear functional 
<P ■ ■Mi.oo — > C is said to be fully symmetric if f(B) < (p(A) for all A,BG M-t oq 
such that B -< -< A 1(J IH EH . Every fully symmetric functional is symmetric 



and bounded. The converse fails [18j . 

A positive normalised linear functional 7 : Loo (0, 00) — > R is called a gen- 
eralised limit if 7(2) = for every z £ (0, 00) such that lim^oc z(t) = 0. A 
linear functional 7 : Lqo(0, 00) — > R is called dilation invariant if 7(cr s z) = 7(2) 
for every z € ioo(0, 00) and every s > 0. 

Let S 1 C B{H). We denote by 5+ the set of all positive operators from S. 

Let to : £00(0,00) — > R be a dilation invariant generalised limit. Define a 
functional on by the formula 



The functional r w is additive and unitarily invariant on OQ . Thus, t u extends 
to a fully symmetric functional on A'liop. One usually refers to it as to a Dixmier 
trace. We refer the reader to @, 0, H 00, EH for details. 

Further, we use the followingproperties of Dixmier traces. Let A 6 A^i,oo 
and let B e Af. We have (see fEtf) 

t,(AB) =t u (BA). (16) 

Suppose that B > 0. It follows from ([To]) that 

r^(AS) = r w (i? 1 / 2 Ai? 1 / 2 ). (17) 
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Suppose that the trace r on the von Neumann algebra Af is infinite and 
the algebra Af is either diffuse (that is with no minimal projections) or else is 
B(H). Given any finite sequence {A n } of operators, we can construct a sequence 
of operators {B n } such that fx(A n ) = fi(B n ) for all n's and B n B m = for all 
n 7^ to. Further, we refer to any such sequence {B n } as a "sequence of disjoint 
copies of {A„}". 

Ccsaro operator M is defined on Lqo(0, oo) by the formula 



(Mx)(t) = 




t e (0,00). 



3. Preliminary important results 

In this section, for the reader's convenience, we collect a number of key 
known results, which will be used throughout this pap er. 

The following important theorem is proved in [19l Theorem 11] for general 
Marcinkiewicz spaces. 

Theorem 1. Every fully symmetric functional on M.\.oo is a Dixmier trace. 

The following theorem is an analog of Lidskii formula (see [Hj]) for Dixmier 
traces. It is proved in [24|, Theorem 33] for a large subclass of Marcinkiewicz 
spaces which contains -Mi i00 - 

Theorem 2. Let A £ A^i i0 o and let t u be an arbitrary Dixmier trace on .Mi i00 - 
We have 

\ &{ ' \\\>io g (t)/t,\e*(A) 
The following w-variant of the classical Karamata theorem is established in 

I- 

Theorem 3. Let 13 be a continuous increasing function. Set 

h(t)= / e- (u/t) *d/3(u). 
Jo 

We have 

^) = r<i + i M ffi>) 

for any dilation invariant generalised limit to. 

Consider the ideal /Cjv of r-compact operators in Af (that is the norm closed 
ideal generated by the projections E £ Af with t(E) < oo). The following 
result is not new (see la, Chapter II, Lemma 3.4]). We present a short proof 
for convenience of the reader. 
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Theorem 4. Let A, B £ M be positive r— compact operators. We have B -<< A 
if and only if 

t{{B -t)e B (t,oo)) <t((A -t)e A (t, oo)), Vt > 0. (18) 

Proof. Fix t > 0. It follows from the definition of generalised singular value 
function that fi(Ae A (t, oo)) = M(^)X[o,dA(*)]- Applying 0) Proposition 2.7] to 
the operator Ae A (t, oo), we have 

r(Ae A (t, oo)) = / /x(s, A)ds, 



Jo 

and hence 

rd A (t) 

t((A~ t)e A (t, oo)) = / (/i(s, A) - t)ds. (19) 
Jo 

The function u 

(fi(s, A) - t)ds 

Jo 

attains its maximum at u = dA(t). 
If B -<-< A, then 

d B (i) rd B (t) rd A (t) 

(fJ,(s,B) -t)ds < / (fi(s, A) - t)ds < / (fi(s, A) - t)ds. 
o Jo Jo 

Inequality (jTHJ) follows now from p^|) . 

Suppose now that (ITBl holds. Fix u > and set i = A). It follows that 

(n(s,B) -t)ds < / ((J.(s,B) -t)ds = t((B -t)e B (t,oo)) < 
o Jo 

<T((A-t)e A (t, oo)) = / (/i(s, A) - t)ds. 
Jo 

Hence, 

fi(s,B)ds< / /i(s,A)ds. 
Jo 

Since u is arbitrary, we have B -<-< A. □ 

4. ^—function formulae 

We begin by showing that the functionals given in ^ arc well defined on 



Ml 



+ 



Lemma 5. If j : £oo(0, oo) — > R is a generalised limit, then C~f{A) < oo and 
(j,b(A) < oo for any A G Mf^. 
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Proof. It is clear that fJ.(s,A) -<-< (1 + s) 1 1| A|| i >00 . Therefore, 

r(A^) < \\A\\™/* f TtAtTUT = A\A\\ 1+1,t 



Jo (1 + S )1+V* -"""Loo ■ 

Hence, C-y(A) < \\A\\x «>• It follows from 

r (^i+i/t B ) < ||B|| r (A 1+1 /*) 

that C/,b( a ) ^ \\ b K-y( a )- □ 

Remark 6. Let x,y £ L oo (0, cxd). For any generalised limit 7 suc/i i/iai 7(|a; — 
1|) = 0, we have j(xy) = j(y). Indeed, \j(xy — y)\ < j(\x — l|)j|y|| = 0. 

Lemma 7. For any A,C S M-too we have 

t{A 1+s + C 1+s ) < t((A + C) 1+s ) < 2 s t{A 1+s + C 1+s ), s > 0. 

Proof. In the special case when Af = B{H), the first inequality can be found 
in jig . (2.9)]. In the general case, it follows directly from Proposition 4.6(ii) 
of [lj] when f(u) = u 1+s , u > 0. The second inequality follows from the same 
proposition by setting there a = a* = b = b* = 2 -1 / 2 . □ 

Let A £ -Mi i00 . For a functional ( y defined on by (see Lemma^l, 

we set 

C(A) := (Cr(»(4)+) - C,mA)-)) + i(C(»(-A)+) - C 7 W)-))- (20) 



The following theorem shows that functionals £ 7 defined by ([20]) are fully 
symmetric on .Mi ; oo- 

Theorem 8. If 7 : 1/00(0,00) — > R is a generalised limit, then £ 7 is a /ttZfa/ 
symmetric linear functional on -Mi i0 o- 

Proof. To verify that £ 7 is linear, it is sufficient to check that (^(A + C) — 
C~f(A) + £ 7 (C) for any A, C £ ■Mi" 00 . It follows from the left hand side inequality 
of Lemma [7] that 

UA + C)>UA) + C 7 (C). 

Noting that 7(|2 1 /* — 1|) = 0, it follows from the right hand side inequality of 
Lemma [7] and Remark [6] that 

C 7 (^ + C)<C 7 (A) + C 7 (C). 

Therefore, we have 

( 1 (A + C) = ( 1 (A) + ^(C). 

The homogeneity of £ 7 follows from Remark [5] Finally, if < C A e Mf^, 
then C,A £ C 1+s and r(C 1+s ) < t(A 1+s ). Hence, ir(C 1+1 /*) < ir(A 1+ ^ { ) 
and so £ 7 (C) < CyO 4 )- □ 



Let B £ J\f. We extend the functional Cj.b on Aii t00 , similarly to (120)) . 
Observe that 

C^ Bi +b 2 (A) = C^ Bl {A) + C^ B2 {A), B 1 ,B 2 eJV, AeM hoo . 
Lemma 9. If A <E M.i : oo and B n — !> B in J\f, then 

C 7 .B„(A) -+$y, B (A). 

Proof. It is sufficient to prove the assertion for A £ -M^^. Since 
|t(A 1+s B) - t(A 1+s B„)| < r(A 1+s )\\B - B n \\, 

we obtain 

\C^b(A) - C-y, B n (A)\ <Cj(A)\\B- B n \\. 

□ 

The following lemma follows immediately from J^, Lemma 3.3]. 

Lemma 10. Let A,B 6 B + (H) and let s > 0. We /icwe 

»; (BVa^BVajH-- < B^A^B 1 / 2 ifO < B < 1. 

izj (B 1 / 2 AB 1 / 2 ) 1+s > B l l 2 A 1+s B x l 2 ifB>\. 

The result below significantly strengthens 0, Proposition 3.6] by removing 
all extra assumptions on the generalised limit 7. 

Proposition 11. 1/7 : L oo (0,oo) ->R is o generalised limit, then 

Cy, B (A) = C 7 (B 1/2 AB^ 2 ), VA e M 1>00 , S g 

Proof. It is sufficient to prove the assertion for A <E Al^"^. Suppose first that 
there are constants < m < M < 00 such that m < B < M. Applying Lemma 
[TO] to the operators A and M~ 1 B (respectively, m~ 1 B), we have 

m s B l ' 2 A l+s B 1 ' 2 < {B l ' 2 AB l ' 2 ) l+s < M s B 1 ' 2 A l+S B 1 ' 2 . 

Therefore, 

im 1 / t r(A 1+1 /*B) < -tUB^AB 1 ' 2 )^*) < -M^V^+^-B). 

Since 7(|m 1 / t - 1|) = and 7(|M X /* - 1|) = 0, it follows from Remark 1] that 
C^ B (A) = CiB^AB^ 2 ). 

For an arbitrary B £ W + , we set i?„ := Be B (l/n, oo)4T/ne B [0, 1/n], ?i > 1. 
From the first part of the proof, we have 

c 7 , s ja) = c 7 (sy 2 ABy 2 ). 

Since BlJ 2 AB^J 2 -> B 1 / 2 AB 1 / 2 in Mi tOQ , we have by Theorem[5] 

^(B^ABl/ 2 ) -> ^(B^AB 1 / 2 ). 
On the other hand, by Lcmma[5]we have £ 7! s n (A) — > £ 7) b(A). □ 
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The following is our main result on the £— function. 
Theorem 12. If 7 : Lqo(0, 00) — > R is a generalised limit, then 
C,b( a ) = Cj(AB), VA e Mi,*,, BeN. 

Proof. It is sufficient to prove the assertion for B G Af + . By Theorems [5] and 
[TJ we know that £ 7 is a Dixmicr trace on Mi t00 - Hence, by (fl7|) . we have 
C, 1 {B 1 /' 1 AB 1 / 2 ) = C y (AB). The assertion follows now from Proposition [TT1 □ 

Our remaining objective in this section is to provide strengthening of several 
formulae linking Dixmier traces and £- functions from [5], i| . 

Lemma 13. Let A <G Mf oa . The mapping s — > s _1 £ 70 <t s (A) is convex and, 
therefore, continuous. 

Proof. For all t, s > 0, we have 

,s-V s (ir(A 1+1 /*)) = I r (A 1+s /*). 
Therefore, for every s > 

«" 1 W-7(^(A 1+S /*)). 

Let Xi > and let Ai + A2 = 1. Since the mapping t — > a 1+t is convex for every 
a > 0, it follows from the spectral theorem that the map s — >• A s is also convex. 
Therefore, for all positive real numbers si, S2 and t, we have 

^l + (Aisi+A 2 s 2 )/i < \ 1 A L+Sl / t + A 2 A 1+S2 /*. 

The assertion follows immediately. □ 

Let 7 be a generalised limit on Loo(0, 00). Below, we will formally apply the 
notation £~ t _s{A) introduced in ([3]) to some unbounded positive operators B on 
H. 

Lemma 14. Let A e TV be a positive r— compact operator and let B > 1 
6e an unbounded operator commuting with A. If (the closure of) the product 
AB e Mi,oo and AB n G M for every nEN, then ( 7 (AB) = Cj,b(A). 

Proof. It follows from AB = BA and B > 1 that A 1+S B < (AB) 1+S . The 
inequality ( lt s(A) < C 7 (y4_B) follows immediately. 

Set Cn := || AB 2n ||, n > 1 and observe that BA 1 / 2 " 1 < cl/ 2n . Setting B n = 
Be A [0, c^ 1 ], we obtain 

B n A x / n = BA 1 / 211 ■ A 1 / 2n e A [0, c" 1 ] < (c n A) 1 / 2n e A [0 1 c" 1 ] < 1. (21) 

It follows from (J2TJ) that A 1+1 /*B n > (AB n ) 1+n / t{n - 1 \ Thus, 

7( I r( A 1 +v* jBn)) > 7 (I r( (As„) 1+ "/*("- 1 ))) = — c^,,^,^). 
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Since A is t— compact, then B — B„ is bounded operator with finite support. 
Due to the linearity with respect to B, we have 

TL — 1 fl — 1 

CrM A ) = (i,B n (A) > -^-Cro^/^-DC-ABn) = -^-C 7 oa„ /( „_ 1) (AS). 

The assertion follows now from Lemma [T3l □ 

The following result is mainly known (see @, Q ) . Our proof is however much 
simpler than the arguments used there. 

Theorem 15. If uj is a dilation invariant generalised limit such that the gen- 
eralised limit uj o log is still dilation invariant, then t u = Cwoiog- 

Proof. It is sufficient to verify the equality r w = C^oiog on positive operators 
A G M-ioo such that A < e _1 . Define a continuously increasing function (3 : 

(0, oo) 4 (0, oo) by 

/8(u) := - / Xdd A {\). 

J lie"" 

Let h be as in Theorem [3] as applied to the above ft. Define an operator B > 1 
by the formula A = Be~ B and set C = e~ B . We have 

h(t) = [°° e-^dpiu) = - [°° e-< 1+1 ^udd A {ue- u ) IP r(C 1+1 /*S). (22) 
Jo Jo 

The conditions of Lemma [14] are valid for B and C. Indeed, B commutes 
with C, BC = A 6 Mi,oo and B n e~ B 6 TV for every n G N. By Lemma [EH we 
have 

Colog(A) = Colog^C) = ( W olog)(^). 

By Theorem [2] we have 

t u (A) = uj( — )- r Xdd A (Xj) = (cj o log)(^). (23) 

We can now conclude 

Coiog(^) = (wolog)( — ) = (wolog)( — ) = T U (A). 

□ 

The following corollary strengthens and extends the results of 0, Theorem 
4.11] and 0, Theorem 3.8]. It follows immediately from Theorems [T5l and [T2l 

Corollary 16. If lo is a dilation invariant generalised limit such that the gen- 
eralised limit uj o log is still dilation invariant, then 

TuJ (AB) = (uj o log)(ir(A 1 + 1 / t J B)), VA G Mt >o0 , B G M. 
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5. The linearity criterion for functionals £ 7 

In this section wc focus on functionals £ 7 (-) defined in ((5J). It was implicitly 
proved in Theorem 5.2] that 

M (t ->- ir(ejcp(-(L4)-«))J G ^(0, oo), £ 
and therefore, 

£ 7 (A) := ( 7 o M) (t -»• i r ( exp (-(a)-«))) (24) 

is finite for every A G jM^^ and every generalised limit 7 on Loo(0, 00). We 
note, in passing that a stronger result than 0, Theorem 5.2] is established in 
Theorem l40l below. Let A G .Mi, 00. For a functional £ 7 , we set 

C 7 (^):=(^(^) + )-^(^)-))+i(C 7 (^)+)-^(^)-)). (25) 

It is probably a difficult task to describe the set of all generalised limits 7 
for which ([25} yields a linear functional £ 7 . However, the class of linear func- 
tionals £ 7 is an easier object. Below in Proposition [TSl we show that the 
sets of linear functionals {£ 7 : 7 is a generalised limit} and linear function- 
als {£ w : lu is a dilation invariant generalised limit} coincide. 

Lemma 17. For every locally integrable z with Mz G L^iO, 00), we have 

(M o a s -i - a s -i o M)(z) G C§(0, 00), Vs > 0. 

Here, Cq(0, 00) is the space of all bounded continuous functions tending to at 
00. 

Proof. Fix s > 0. The assertion follows by writing 

(M o a s -i - a s -i o M)(z) = — — / z{u) — — / z(u) — 

log(t) J s u log(st) J 1 u 

and noting that the assumption Mz G £00 (0, 00) easily implies that 

st , sdu 1 f st , ,du n , 
z{u) —- / z(u)— G C£(0,oo). 



log(st) u log(i) tt 



□ 



Proposition 18. Suppose that a generalised limit 7 on L oo (0,oo) is such that 
£ 7 is a linear functional on M.\ t00 . Then, there exists a dilation invariant gen- 
eralised limit to on £00 (0, 00) such that £ 7 = £ w . 



13 



Proof. Fix s > and observe that 

t -> ir(cxp(-(^A)- 9 )) ) = sa.-i ( t -> -r(exp(-(tA))- 9 ) I . (26) 



Therefore, 

^(sA) = ,s( 7 o M o er a -i)(ir(ejq)(-(*A)-9))). 

By the assumption, we have £ 7 (sj4) = s£ 7 (A) and appealing to Lemma 1171 wc 
obtain 

Z 7 (A) = ( 7 o a s -. o M)(ir(exp(-(M)-«))), V,s > 0. (27) 
Let -E be the linear span of the functions 

t M(ir(ex P (-(a)-«))), Ae< 

and let F := E + Cq(0, oo). We claim that the space F is dilation invariant. 
Indeed, it follows from Lemma [TTl and (|2"Bf that every function 

f-> M(ir(ex P (-(M))-')) 

belongs to the set 

s- 1 (t -> M(ir(cxp(-(isA)- 9 )))^ + C b (0,oo). 

It follows from ([27| that 7 o <r s -i = 7 on F. By the invariant form of the Hahn- 
Banach theorem (see 13|, p. 157]) applied to the group of dilations {cr s } s> o, 
we see that 7 |_p can be extended to a dilation invariant generalised limit lu on 
£00(0,00). □ 

The following lemma can be found in (24)]. We present a shorter proof for 
convenience of the reader. 

Lemma 19. If u) is a dilation invariant generalised limit on Loo(0,oo), then 

UA) = r(l + - q )(u: o M)(jd A (j)), VA e Mt^. (28) 

Proof. It follows from (fT5|) that 

r(exp(-(U)-9)) = / e-^ q dd A (-). (29) 

29} by 1/t and applying 
). we obtain (|28]). □ 



Setting j3(u) = d A (l/u), multiplying both sides of 
Theorem [3] to lu o M (which is dilation invariant, see 
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Lemma 20. Let A G M-t oo an< ^ ^ u be a dilation invariant generalised limit 
on Loo(0, oo). We have 

Proof. In view of Lemma HH it is sufficient to show that right hand sides of (|28[) 
and pop coincide. This easily follows from the following computation, where 
we use integration by parts 

M{-d A {\)) = -\, fd A (l)^± = ^— f d A {u)du = 
t t log(t) j Y s s 2 log(t) J 1/t 

= i^r) udA{u) ^ - bgW l /t uma{u) = ^f) T{{A -y^^ + 

□ 

Lemma 21. Let u> be a dilation invariant generalised limit on Z/co(0,oo) and 
let A,B e Mi ^x, be such that B « A. We have 4,(5) < 4(A). 

Proof. The assertion follows from Lemma [201 an d Theorem 01 □ 

The following is the main result of this section. 

Theorem 22. For any dilation invariant generalised limit uj on L^fO, oo), the 
functional 4 given by (|25[) is linear and fully symmetric on -Mi i00 . 

Proof. The assertion follows from Lemma [21] provided we have shown that 

4(A + B)= 4(A) + 4(B), VA B e Mt tOB . (31) 

To this end, we observe first that since uj and to o M are dilation invariant, it 
follows from Lemma [21] and ([T5j) that 

UA + b) = Up(A) + v(b)), vabgm^. 

Now, let C and D be disjoint copies of A and B (see Section^. Thus, we have 

4(<? + D) = 4(/x(C) + fi{D)) = iMA) + fi{B)) =^(A + B). 
However, the equality 

4(<? + D) = uc) + UD) 

for positive operators C and D such that CD = follows immediately from the 
definition (j2~i)) . Since the equalities 4(A) = 4(C), 4(^) = 4(-D) are obvious, 
we arrive at (|3"TT) . □ 
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6. Every fully symmetric functional has form £ w 

It follows from Theorem [22] and Theorem [T] that the functional £ w is a fully 
symmetric functional on .Mi i00 whenever w is a dilation invariant generalised 
limit uj on Loo(0, oo). In this section, we show the converse. 

Define a (non-linear) operator T : — > L oo (0, oo) by the formula 

(T^) = i -^ T ((^-i ) e-(i,oo)M>0. (32) 

We need some properties of the operator T. Firstly, we show that it is additive 
on certain pairs of A, B 6 M-too- 

Lemma 23. Let A,B e Mf^ be such that AB = BA = 0. It follows that 
T(A + B) = TA + TB. 

Proof. It follows immediately from the assumption that 

(A + B- \)e A+B {\, oo) = (A \)e A {\, oo) + (B - \)e B {\, oo). 

□ 

Next, we explain the connection of the operator T with fully symmetric 
functionals on A4i t00 . 

Lemma 24. Let the operators A,Be M-i^ be such that TB < TA. For every 
fully symmetric functional (p on jMi,oo, we have ip(B) < <p(A). 

Proof. It follows immediately from the definition (|32|) that 

t((B - - t )e B (- t , oo)) < r ((A- i)e A (i oo)), V* > 0. 

Applying Theorem 2] we obtain B -<-< A and so (f(B) < (f(A). □ 

Lemma 25. Let A,B£ ■Mfoo- F° r every fully symmetric functional ip on 
^1,00, we have 

ip{B) - ip{A) < Mm* ^ limsup(TB - TA){t). 

' t— > oo 

Proof. Without loss of generality, |<p||a^j = 1. Denote the right hand side 
by c and suppose that c > (the case when c < is treated similarly). Fix 
e > 0. We have (TB - TA)(t) < c + e for all sufficiently large t. Let C be 
an operator with fi(t, C) = (c + 2e)/(l + t). We have TB < TA + TC for all 
sufficiently large t. Let Ai and C\ be disjoint copies of A and C, respectively. It 
follows from Lemma [23] that TB(t) < T(A 1 + Cx)(t) for all sufficiently large t. 
Choose < S small enough to guarantee TB\(t) < T(A\ + C\){t) for all t > 0, 
where B\ := min{S, S}. By Corollary [24] we have <p{B\) < <p(Ai) + f(Ci), or 
cquivalently <fi(B) < ip(A) + c + 2e. Since e is arbitrarily small, we are done. □ 
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Lemma 26. Let A\, ■ ■ • , A n £ M.\ x and let Ai, ■ • • , A„ £ R for some n > 1. 
For every fully symmetric functional (p on M.1.00 we /lave 

n n 

E < limsup VAfc(Ti fe )(t). (33) 

fc=i t - > °° fc=i 

Proof. Both sides of the inequality ([3"3")l depend continuously on the Afc's. With- 
out loss of generality, we may assume that all £ Q. Multiplying both sides 
by the common denominator, we may assume that all X k £ Writing 

\ k A k = ^sgn(A fc )A fe 
fc=i 

we see that it is sufficient to prove ([33)) only for the case when Afc = ±1 for 
every k. 

Let {B k } be a disjoint copy sequence of {A*.}. Both sides of the inequality 
(|3"3"|) do not change if wc replace A k with B k . Without loss of generality, the 
operators A k Aj =0, k ^ j. By Lemma |2"51 we have 

n 

E ^MA k ) = *k E A k) - <p{ E ^ 

fc=l Afc=l A*,=-l 

<hmsup(T(^ A fc )-T( E AkW)- 

A fc =l A fc =-1 

Since A^A,- = for all k ^ j, we have by Lemma [23] that 

n 

r(E 40 E A fc ) = E A * T ^ 

A fe =l A fc =-1 fc=l 

and the assertion follows. □ 

Lemma 27. Lei -E be the linear span ofTAdf^ and Cq(0, oo). -For every s > 
we /ia?;e o~ s .E = F. 

Proof. It follows from the definition ([32]) that for every s > 0, we have 

cr s TA € sTis^A) + C o 6 (0, oo), VA E Mt ttx> - ( 34 ) 

□ 

Let if be a normalised fully symmetric functional on A4i !00 - We need the 
following linear functional on E. 

Definition 28. For every z £ E such that 

n 

zeJ2\ k TA k + CZ°(0,oo) 
fc=i 
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we set 

n 
k=l 

That p is well-defined is proved below. 

Lemma 29. The linear functional p : E — » R is well- defined. For every z G E, 
we have 

p{z) < limsupz(i). 

t— )-oo 

Proof. Let z G E be such that 

n m 

2 G ]T A fe TA fe + C b (0, oo), ze^ ^ fe TB fc + C o b (0, oo). 
fc=i fe=i 

We have 

n m 

^ \ k TA k - VkTB k e C 6 (0, oo). 
fc=i fc=i 

It follows from Lemma. EBl that 

n ra 

^ A fc ^(A fc ) = ^ p k <p(B k ), 

k=l k=l 

so that p is well-defined. 

The second assertion directly follows from Lemma [26J □ 

Lemma 30. Let if be a normalised fully symmetric functional on Aii.oo- There 
exists a dilation invariant generalised limit u> on L oo (0, oo) such that tp(A) = 
lu(TA) for every A G Mi >oc . 

Proof. For every A G M.^ x , we have 

p(a s TA) # pisTis-'A)) ^s^A) = p(TA). 
Therefore, p is a s — invariant on E. It follows from Lemma [29] that 

p(z) < limsupz(t), z G E. 

t— too 

By the invariant form of the Hahn-Banach theorem (see [lH, P- 157]) applied to 
the group of dilations {o~ s } s> q, we can extend p to a dilation invariant generalised 
limit on L^O, oo). □ 

The following assertion is the main result of this section. It permits repre- 
sentation of a fully symmetric functional ip via heat kernel formulae. 

Theorem 31. Let ip be a fully symmetric functional on A^i j0 o- There exists 
dilation invariant generalised limit uj on Lqo(0, oo) such that tp = const ■ 
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Proof. It follows from Lemma [30] that there exists a dilation invariant gener- 
alised limit to such that 

^)= W ( i ^r((A-i)e-(i ) oo))). 
The assertion follows now from Lemma (201 □ 



7. A counterexample 

It is known (see 0, Theorem 33] and the more general result in Corollary 
[HI] below) that the equality 

UA) = T(l + -) TuJ (A), AeMt tOC 

holds for every M— invariant generalised limit uj on £00(0,00) (see also earlier 
results with more restrictive assumptions on uj in Theorem 4.1] and 0, The- 
orem 5.2]). In view of Theorem I3T1 and Theorem [TJ it is quite natural to ask 
whether the equality above holds for every dilation invariant generalised limit 
uj. In this section we prove that this is not the case. 

Lemma 32. Let uj be a dilation invariant generalised limit on £00(0,00). For 
every s > 1, we have 

w (Evy)) =0 ' (35) 

fc 

Proof. Denote the left hand side of ([33)) by f(s). Due to the dilation invariance 
of uj. we have 



f{s) = ^(^X [te .\ ste ^)) = f(st) - f{t), s,t> 



1. 



Since / is monotone and bounded, we have / = 0. 

Denote the left hand side of ([35)1 by g(s). Due to the dilation invariance of 
uj, we have 

g( s ) = x {e k +c " / st)e fc+e* /t] ) = g(st) - g(t), s,t>i. 

k 

Since g is monotone and bounded, we have g = 0. □ 

Lemma 33. Let uj be a dilation invariant generalised limit on Loo(0,oo). We 
have 

i) 

l^e~ efe X [e *- 1+ e*-\ e * + e*](*)) = - 
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a) 



(y -^-r\e k+ek X , ek .*+!,(*)) =0. 



^tlog(t) 



Proof. We only prove the first assertion. Proof of the second one is similar. 
Fix s > 1. We have 

e" 6 " < - + 2e- efc / 2 , Vi < e fe + e Vs, Vfc > 1 
log(t) s 

and, therefore, 

^log(0 e ~ e X[ e k- I+ e*-l )e fc+e*](*) ^ - +5Z^[e fc +'= fc /^e'=+= fc ]W + 

+2^e" e /2 X [e fc-i+e'=-i iefc +^](0- 
fc 

Clearly, 

w(X! e ~ e /2 X[ e h-i+ e «>-i je fc+ e «>](*)) =0. 
fe 

It follows from the Lemma [32] that 

w £i4 re '^- 1+e '" 1 ^ l+tfc i (t)) - 7 



Since s is arbitrarily large, we have 

t 



£ i^m e e *x [e *-i+.*-i 1 eH-^](*)) = o. 



□ 



Lemma 34. There exists a dilation invariant generalised limit u on LoofO, oo) 
such that 

W E^[e«* .e*+«*)) = 1 > w (^X[ e *+.*, e .*+i)) = °' 
fc fc 

Proof. Define a positive, homogeneous functional 7r on L^O, co) by the formula 

. 1 r iogW , ,<fa 

7r(x) = hmsup - — - — — — / x(s) — . 

jv^oo log(log(JV)) J N s 

It is verified in [2~il Lemma 4] that every u) G £00(0,00)* satisfying uj < ir is 
dilation invariant. Observing that 
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let us select lu s £oo(0, oo)* satisfying lu < tt and such that 

W (H^[e= fc ,e^ = fc )) = L 
k 

Therefore, 



k 



□ 



Define a function x by the formula 



x = supe e Xrn e *+efcl- (37) 



Fix fc > 1. For every f e [e +e , e +e ], we have 

- — / rf s y s < p 1 -* / < p!- fc ' 

log(l 

which guarantees x € Mi 



i /■* r e " + " k k p 2 

? r / x(s)ds < e 1 " fe / x(s)ds < e x ~ k V e" e " • e n+e " < , 



Lemma 35. Let x be as in (|37p and let lu be as in Lemma \34\ We have 
T u (x) = (e-l)-\ 

Proof. Fix t G [e k - 1+e "~ 1 ,e k+e "]. We have 

r* e k 

/ x(u)du = — + ter e +0(1). 
Jo e - 1 

It follows that 

e fc 

r w (a;) = (e - 1)" 1 cj(^ ]^jX [e k-i + ^~\ e k+^ ] (t))+ 



k 



By Lemma [33l the second generalised limit above vanishes. We claim that 
the first generalised limit above is 1. Indeed, 

e k 

^ loi(i) X [ efc - 1+c ^ 1 . efc+efc ] ( * ) " (1 + X [e .» ,«*+.*](*) 

and 

e fc 

^l0g(^) X [ efc " 1+C ' i_1 ' efc+C ' i ^^ ~ X)X[e efc ,e*+«*](*) + e X! X [e fc - 1 + = fc - 1 ,e= fc ]- 

The claim follows from Lemma [34] □ 
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Lemma 36. Let x be as in (|37p and let uj be as in Lemma \B^\ We have 

e — 1 q 

Proof. Fix t e [e ek ,e ek+1 ). We have 

( x (u)~\)du=^—--\e k+ * k +0(l). 
x>i/t 1 e — i i 

This estimate and Lemma |2"01 yield 
1 . , , e 



r(l + l/ (? )^ v ' e-l v ^log(i) 

-w(V— ^— e fc+efc X[ ,*+i,(t)). 

It follows from Lemma 1531 that the second generalised limit is 0. We claim 
that the first generalised limit is 1. Indeed, 

e fe 



and 

Ei^)^, e e, +1] (t)<l. 

The claim follows from Lemma IM1 □ 

The following theorem delivers the promised counterexample. 

Theorem 37. There exists A £ -Mi i00 and dilation invariant generalised limit 
uj on L oo (0, oo) such that 

T(1 + -)t u (A) <UA). 
q 

Proof. For brevity, we assume that the von Neumann algebra TV is of type II 
(the argument can be easily adjusted when TV is of type I). Let x be as in (|37[) 
and let A G M-t ^ be such that x = fi(A). The assertion follows from Lemmas 
ESlandESl □ 

8. Correctness of the definition for generalised heat kernel formulae 

Let uj be a dilation invariant generalised limit on Loo(0, oo) and let B £ TV. 
Following we consider the functionals onM^ defined by the formula 

Ubj(A) = (uj o M)(t -> - t T{f{tA)B)). (38) 
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The main result of this section, Theorem HHl shows that the function 

M (t -+ - t r{f{tA)B) 



is bounded, and so the formula (|38[) is well-dchncd. 

Lemma 38. Let A e Mf^. We have r(A 2 e A [0, l/t}) = 0(t" 1 log(i)) as t 



oc. 



Proof. Let c := ||A||i i00 . We have fi(s,A) -<~< c(l + s) _1 . Fix t > 0. Define 
decreasing function xt <E Mi jOO (0, oo) by setting 



z t (s) 



10g(1 Uog('°) S(t)) > 0< S <ctlog(t) 
kT ^, s >ci log(t). 

Define a decreasing function j/ t G Mi lOO (0, oo) by setting 



y t (s) = /ti(^)X{M(A)<l/t}(«) + 7X{M(A)>l/t}(s), s > 0. 

We claim that y t x t . Indeed, yt(s) < l/t < xt(s) for s < ct\og(t) and 

yAu)du < c [ = / Xt(u)du 

Ja 1 + u J a 

for s > ct\og(t). 
It follows that 



r(A 2 e A [0,j})<l o ° yUs)ds<l o 



oc 

2 



x t (s)ds. 



We have 



ilog(t) i ct iog (t ) (1 + s) 2 " t 



□ 



Lemma 39. Lei f(t) = t 2 X[o.i](t) an d ^ A <E M^^. We have 

t^M{jT{f(tA))) 6X00(0,00). 

Proof. For fixed f > 0, we have 

M(±r(/(tA))) = r r (A 2 e A [0,i])d S = -^r(A 2 f e A [0,-]ds). 

t log(t) 7i s log(t) J 1 s 

Integrating by parts, we obtain 
C e A [0,-}ds = se A [0,-]\ t 1 - f sde A [0, -1 = se A [0, -1 1| + / i^de^u] 
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0(l) + ^- 1 e A [-,oo] + ie A [0, 



Therefore, 



It follows from the definitions of |j • ||i )00 and cU(') that for every A € A4i jC 
and every t > 0, we have 

eU(-) <max{l,||A|| 1)00 }log(l + i). 

Clearly, 

1 _,^rn^_ 1 ^..W/')), 



r(Ae A [0, -]) = —— / M (s,A)rf S < fa "V ^ p|| 1;00 6 £ 



OO * 



log(t) log(t)i " log(t) 

The assertion follows now from the Lemma [55J □ 

Theorem 40. Lei a bounded function f £ C 2 [0,oo) be such that /(0) = /'(0) = 
0. Lei ^4 £ Mf ^ and let B £ M. We have 

M [t -»• ir(/(M)B)J G Loo(0,oo). 

Proof. Due to the well known inequality t(CB) < t(\C\)\\B\\, it suffices to prove 
the theorem only when B = 1. In this case, for the function f{t) := t 2 x\o,i}{t), 
the assertion follows from Lemma l39l If f(t) := X(i,oo)(*) then it holds trivially. 
Thus, it holds for the function f(t) := min{l,i 2 }. Finally, observe that the 
assumptions on / guarantee that there exists a constant c > such that \f(t)\ < 
cmin{l,i 2 }. □ 

Since the function t — > exp(— t~ q ) satisfies the assumptions of Theorem FUJI 
we obtain the following corollary, which was implicitly proved in 0, Theorem 
5.2]. 

Corollary 41. For every q > and every A £ Aif oc , we have 
M It ir(e3tp(-(ti4)-«))J £ Loo(0,oo). 



9. Reduction theorem for generalised heat kernel formulae 

The results of this section extend and generalise those of 0, Theorem 4.1] 
and 0, Theorem 5.2]. We also give an answer to the question asked in 0, page 
52]. We explicitly prove that the functional £u>,bj (extended to Mi l0 o as in 
P5"|)) is linear on M.i t00 - 
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Lemma 42. Let f G C 2 [0, oc) fee such that /(0) = /'(0) = 0. Let A G A1+ i0O 
and let B G A/". For every dilation invariant generalised limit u on L^iQ, oo), 
we /lave 

lim(coM)(ir(/(tA e A [0,y]) J B)) = 0. 

E-VO E E 

Proof. Since |/(t)| < const -t 2 for £ £ [0, 1], it is sufficient to prove the assertion 
for f(t) = i 2 . As in the proof of Theorem I4TJI it is sufficient to assume that 
B = l. 

By Theorem |40l for every e > we have 

M ft -> ^((tAe^O, |]) 2 )^) £ Loo(0, oo). 
Since w is dilation invariant, we conclude 

( W o M)(ir((tAe A [0, |]) 2 )) = e ( w o M)(±r((tAe A [0, i]) 2 )). 

The assertion follows immediately. □ 

Lemma 43. Let f G Loo(0,oo) fee such that /(0) = 0. Lei A G A^i^ and let 
B G A/". For every dilation invariant generalised limit to on Loo(0, oo), we have 

limjw o M)(^r(/(tAe A (i oo))S)) = 0. 
e^O t et 

Proof. As before, we may assume that B = 1. It is clear that 

/(tAe^l oo))<\\f\\e A (- oo). 
et et 

Since u o M is dilation invariant, we obtain 

( W o M)(ir(e A (i oo))) = e ( w o M)(±d A A). 
t et t t 

The assertion follows immediately. □ 

Lemma 44. Let / : K + — > M fee monotone on [a, fe] and sitc/i t/iat /(0) = 0. Let 
A G M-iao and let B G JV. For every dilation invariant generalised limit u on 
Loo(0, oo) we have 

(u> o M){\r{f{tAe A [- t , \))B)) = (J f(s) J) • ( w o M)(-V(e^[i oo)B)). 

Proof. Without loss of generality, we may assume that / is increasing on [a, b] 
and that B > 0. 

Let a — ao < ai < 02 < • • • < a n = b. For every given t > 0, we have 



n-i 

E A Uk Ufc+l, 



6 /6 — ± 
\ V— * Ar a fc a k+l 

e -, - " 



t t' ^ 1 t t 

k=0 
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Since / is increasing on [a, b] and /(0) = 0, we have 

/K)e^, ) < f(tAe A [f, < f(a k+1 )e A [^, ^). 

Therefore, 

1 h n ~ 1 1 

(cj o M)(-r(/(iAe A [^ -))B)) < £ ° M)(-r(e A [^, 

and 

(u, o M)(ir(/(^[^, > £ /(a fe )( W o M){\r{e A [^, ^)B)). 

We have 



■f t" " ~ f-'" v /v /v i v i t 

fe=0 



e — , )=e — ,oo — e ,oo). 

L r ' t ' 1 t ' ' 1 t ' 



For all c > 0, we have 



(w o A/)(ir(e' 4 (p oo)i?)) = c" 1 ^ o Af )(ir( e A (-j-, oo)S)). 



Therefore, 



( W o M)(ir(e A [^, °^)B)) = (- - J_)( w o A/)(I r (e A (i oo)B)). 

t t t dk (Zfc+l t r 



Hence, 



ra-1 



(£ /(<»*)(- - — ))( w M){-r{e A {- oo)B)) < 



fe=0 



<( W oM)(lr(/(^[^))B))< 

11 11 

< (£ ))(<" M)(-r( e ^(-, oo)B)). 

Both coefficients in the latter formula tend to f(s)s~ 2 ds. □ 

Lemma 45. Lei a bounded function / G C 2 [0, oo) 6e such that /(0) = /'(0) = 0. 
Lei A G Mi oo an d ^ B G TV. For every dilation invariant generalised limit u> 
on ioo(0, oo) we have 



/( a )J)( W oM)(ir(e^(i oo)B)). 



Proof. Let / satisfy the assumptions above. Observe that the assertion of 
Lemma 133] holds for the function /|[ m, where < a < b < oo. Indeed, every 
such function is a function of bounded variation and therefore may be written as 
a difference of two monotone functions. Now the assertion follows from Lemmas 
I42l43l44l bv setting a := e and b := e^ 1 and letting e -> 0. □ 
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Corollary 46. Let a bounded function f 6 C 2 [0, oo) be such that /(0) = f'(0) = 
0. Let A e Mf^ and let B e Af + . For every dilation invariant generalised limit 
u) on L oo (0, oo) we have 

= ( ^ m^M^^rdA - ^(-.oo)*)). 
Proof. It follows from the definition of Cesaro operator M that 

M ( i -rK'»» B )) = biw/'^<7-»' B »S- 

Integrating by parts, we obtain 

: -, . [ T(e A (-, oo)B)^ = - -. , / r(e A (M, oo)B)du = 
log(t)J 1 V V ' V log(t)J 1/t ( K ' ' 

= ioiw • UT(eA(w ' 00)5)1 v* ~ bg\t) / /t wdr(eA(M ' °° )B) = 

= 71 — 777 ■ r(e A (-,oo)B) + — -r( / urfe A ( U) oo)B) + o(l). 
tlog(t) * log(t) ii /t 

Evidently, 

f°° 1 
-r(/ wde A (w,oo)£) =T(Ae A (-,oo)B). 
Ji/t t 

Therefore, 

M (t - \r(e- { \, oo) fl) ) = ^((A - i)e^, oo)*) + o(l). 

The assertion follows now from Lemma 1431 □ 

The first assertion in lemma below can be found in 0, Theorem 11]. For the 
second assertion we refer to 0, Theorem 3.5]. 

Lemma 47. Let A,Be B + {H) and let f be convex continuous function such 
that /(O) = 0. We have 

i) T{B 1 / 2 f{A)B 1 ' 2 ) > T{f{B 1 ' 2 AB 1 ' 2 )) ifB<\. 
n) T{B 1 ' 2 f{A)B 1 / 2 ) < T (f(B 1 / 2 AB 1 / 2 )) ifB>l. 

We show in the following lemma that £ Wi b / depends continuously on B. 
Lemma 48. If A e Mf^ and let B n , B e N, n > 1, then 
\\Zo,B n (A) - ^, B (A)\\ < UA) ■ \\B n - B\\. 
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Proof. The assertion follows from the inequality 

\r(f(tA)B n ) - r(f(tA)B)\ < r(f(tA)) ■ \\B n - B\\. 

□ 

The following theorem extends the results of [!, E| and gives an affirmative 
answer to the question stated in It also shows that the functional £ Wi b,/(-) 
are linear functionals on .Mi ; oo for a wide class of functions /. 

Theorem 49. Let a bounded function f € C 2 [0, oo) be such that /(0) = f'(Q) = 
0. Let A S A4i i00 and let B G Af. For every dilation invariant generalised limit 
u) on L oo (0, oo) we have 

^ A) = WTW) { 1 f ^^ AB) - (39) 

Proof. It follows from Theorem [22] that £ w is linear and fully symmetric. By 
Theorem]]] and (31])), we have ^(i? 1 / 2 AB 1 / 2 ) = £ W (AB). 

Recall that function u — > (u — l/t)+ is convex. It follows from Lemma l47l 
that 

i) T ((A - \) + B) > t{{B y I 2 AB 1 I' 2 - ±)+) if B < 1. 

ii) r ((^ _ i) + s) < r((B 1 / 2 AB 1 / 2 - ±)+) if B > 1. 

It follows from Corollary 31] that for < B < 1 we have 

e,,B,/(A) > (jf /( S )^ u (5 i /^v^ (40) 

Since both sides are homogeneous, the inequality (|40| is valid for every B. 
It follows from 06] that for B > 1 we have 

Since both sides are homogeneous, the inequality (|4ip is valid if B is bounded 
from below by a strictly positive constant. 

Thus, we have the equality (|39[) valid for every B bounded from below by 
a strictly positive constant. Set B n = Be B (l/n,oo) + l/ne B [0, 1/n]. It follows 
that equality (|39j) holds with _B replaced with B n throughout. By Lemma 
|4"5I we have £, u ,B n j{A) — > £cj,b,/(^4)- Since AB n — > AB in M\ )0 o and since 
£ u is bounded on A^i^oo, we have £ u (AB n ) — ► ^(AB). The assertion follows 
immediately. □ 

The following corollary treats the case of classical heat kernel formulae. We 
use the notation 

Ub(A) = (woM)(ir(exp(-(ti4)-«)B)). 
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Corollary 50. Let A 6 Mt oo an d ^ B ^ N . For every dilation invariant 
generalised limit ui on Loo(0, oo) we have £ W) b(^4) = ^(AB). 

Proof. Use f(t) = cxp(— t~ q ) in Theorem l49l and observe that 



Corollary 51. Let 4 £ Mj" M and let B 6 TV. For every dilation invariant 
generalised limit ui on L co {() 1 oo) such that oj = oj o M, we have 



References 

[1] M. Benameur, T. Fack, Type II noncommutative geometry. I. Dixmier 
trace in von Neumann algebras, Adv. Math. 199 (2006), 29-87 

[2] J. Bourin, Convexity or concavity inequalities for Hermitian operators, 
Math. Inequal. Appl. 7 (2004), no. 4, 607-620. 

[3] L. Brown, H. Kosaki, Jensen's inequality in semi-finite von Neumann al- 
gebras, J. Operator Theory 23 (1990), no. 1, 3-19. 

[4] A. L. Carey, V. Gayral, A. Rcnnic, F. Sukochev, Integration on locally 
compact noncommutative spaces, arXiv:0912.2817vl. 

[5] A. Carey, J. Phillips, F. Sukochev, Spectral flow and Dixmier traces, 
Adv.Math. 173 (2003), no. 1, 68-113. 

[6] A. Carey, A. Rcnnic, A. Scdaev and F. Sukochev, The Dixmier trace and 
asymptotics of zeta functions, J.Funct.Anal. 249 (2007), no. 2, 253-283. 

[7] A. Carey, F. Sukochev, Dixmier traces and some applications to noncom- 
mutative geometry, (Russian) Uspekhi Mat. Nauk 61 (2006), no. 6 (372), 
45-110; translation in Russian Math. Surveys 61 (2006), no. 6, 1039-1099 

[8] A. Connes, Noncommutative geometry, Academic Press, San Diego 1994. 

[9] J. Dixmier, Existence de traces non normales, C. R. Acad. Sci. Paris 262 
(1966), A1107-A1108. 

[10] P. Dodds, B. de Pagter, A. Sedaev, E. Semenov and F. Sukochev, Singular 
symmetric functionals, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. 
Steklov. (POMI) 290 (2002) Issled. po Linein. Oper. i Teor. Funkts. 30,42- 
71 (Russian). English translation in J. Math. Sci. (N. Y.) 124 (2) (2004), 
4867-4885. 




□ 



The following assertion extends [24| Theorem 33]. 



Ub(A) = T(1 + -)tUAB). 



29 



[11] P. Dodds, B. de Pagter, A. Sedaev, E. Semenov and F. Sukochev, Singu- 
lar symmetric junctionals with additional invariance properties, (Russian) 
Izv. Ross. Akad. Nauk Ser. Mat. 67 (6) (2003), 111-136. English transla- 
tion in Izvcstiya: Mathematics 67 (2003), 1187-1213. 

[12] P. Dodds, B. de Pagter, E. Semenov and F. Sukochev, Symmetric Junc- 
tionals and singular traces, Positivity 2 (1998), no. 1, 4775. 

[13] R. Edwards, Functional Analysis, Holt, Rinchart and Winston, New York, 
1965. 

[14] T. Fack, H. Kosaki, Generalized s-numbers of t -measurable operators, Pa- 
cific J. Math. 123 (1986), no. 2, 269-300. 

[15] I. Gohbcrg, M. Krein, Introduction to the theory of linear nons elf adjoint 
operators, Translations of Mathematical Monographs, Vol. 18 American 
Mathematical Society, Providence, R.I. 1969 

[16] L.S. Koplicnko, Trace jormula for nontrace- class perturbations, Sibirsk. 
Mat. Zh. 25 (1984), no. 5, 62-71 (Russian). English translation in Sib. 
Math. J. 25 (1984), no. 5, 735-743. 

[17] S. Krein, Ju. Petunin and E. Semenov, Interpolation of linear operators, 
Nauka, Moscow, 1978 (Russian). English translation in Translation of 
Mathematical Monographs, Amer. Math. Soc. 54 (1982). 

[18] N. Kalton and F. Sukochev, Rearrangement- invariant Junctionals with 
applications to traces on symmetrically normed ideals, Canad. Math. Bull. 
51 (2008), 67-80. 

[19] N. Kalton, A. Sedaev, F. Sukochev, Fully symmetric functionals on a 
Marcinkiewicz space are Dixmier traces, submitted. 

[20] F.J. Murray, J. von Neumann, On rings of operators, Ann. Math. 37 
(1936), no. 1, 116-229. 

[21] Pietsch A. About the Banach Envelope of l\ t00 , Rev. Mat. Complut. 22 
(1) (2009) 209-226. 

[22] Sedaev A. Generalized limits and related asymptotic formulas, Math. 
Notes. 86:4 (2009), 612-627. 

[23] B. Simon, Trace ideals and their applications, AMS 2005. 

[24] A. Sedaev, F. Sukochev, D. Zanin, Lidskii-type formulae for Dixmier tra- 
ces, Int.Eq.Oper.Th. (to appear) [htTp://arxiv.org/pdf/1003.1817| 



30 



